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A. <P. KoHorpan § (Hhcthtyt MaTeMaTHKH HAH YKpaHHbi, KiieB) 



Ou,eHKH annpoKCHMaTHBHbix xapaKTepncTHK KJiaccoB B^ 
nepno^HHecKHX (pyHKijHH MHornx nepeMeHHbix 
c 3aflaHHOH MaxcopaHTOH CMeinaHHbix Mo^yjieii HenpepMBHOCTH 

> 

B pa6ome nojiyuenu mounue no nopndKy oyenKu opmonpoenyuoHHux nonepeu- 
HUKoe KJiaccoe B^ e nepuoduuecKux tfoyHKyuu mhozux nepeMetmux, MaofcopaHma 
CMeuiaHHux Modyjitu Henpepuenocmu Komopux codepoicum kcik cmeneHHue, maK 
; u A08apu$MUHecKue MHODicumtJiu. 

1. BBe^eime. B HacTOflmeH paooTe npoflOJi^aiOTCH nccjieflOBaHHsi annpoKCHMa- 
TiiBHbix xapaKTepiiCTHK KJiaccoB nepnoflHHecKHx (pyHKi^HH MHoriix nepeMeH- 
Hbix c sa^aHHOH cpyHKUHeft Q(t) cneiniajibHoro BH^a, KOTopbie royHajiHCb b pa6oTax 
[U [2]. Bojiee KOHKpeTHO 06 stom 6yn,eT h^th penb b coo-TBeTCTByioiuHx nacT5ix pa- 
6oTbi, a CHanajia npHBe^eivi HeoSxoflHMbie o6o3HaHeHii5i h onpe^ejieHHsi. 



> 
(N 

nycTb R rf , d > 1, o6o3HaHaeT <i-MepHoe npocTpaHCTBO c sjieMeirraMH 



(N 



x = (xi, x d ), (x, y) = xiyi + ... + x d y d 

H 

d 

L p (7T d ), n d = JJ[0;27r], 

- npocTpaHCTBO 2-Tr-nepHOflHHecKHx no Ka^Kfloft nepeMeHHoft cpyHKUHft /, fljia ko- 

TOpblX 

\\f\\p-= ( (27T)- d I \f(x)\*dx)> <OC, l< P <OC, 



H/lloo := ess sup \f(x)\ < oo. 

XETTd 

^ajiee 6yn,eM npe^nojiaraTb, hto fljia (pyHKniift / 6 L p (ir d ) BbinojiHeHO flonojiHH- 



1 Pa6oTa BMnojiHeHa npii nacTUHHoii noflflepjKKe TocyflapcTBeHHoro <p° H fl a 4>yH,n,aMeHTa.nbHbix iiccjieflOBamift yKpaiiHbi (npoeKT 
N>- GP/O36/068) 
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TejibHoe ycjiOBiie 

2tt 



J f(x)dxj = , j = l,d. 



/ G Lp^d), 1 < J9 < OO, H t — (ti, ...,td), tj > 0, j = l,d, paCCMOTpHM 

CMeniaHHbift MOflyiib HenpepbiBHOCTH nop^flKa / 

n,(/,t) p = sup ||Ai/(0llp, 

iyje / G N, A l h f(x) = A l h . . . Al f(x) = Al (. . . (A^ f(x))) — civieniaHHaa pa3HOCTb 
nop^flKa / c niaroM /ij no nepeMeHHoft n 

z 

A/^./O) = S(-l) i_n C|70=i, • • ■ , Zj-i, ^ + ^ ^j+i, • ■ ■ , x d ). 

n=0 

EtycTb Q(t) = . . . , td) - - sa^aHHaH cpyHKnira Tnna civieniaHHoro MOflyjia 

HenpepbiBHOCTH nop^flKa /, KOTopa^ yflOBjieTBopaeT cjie/iyioinHM ycjiOBHSM: 

~ d 

1) n(t) > o, tj > o, j = l, d; = o, n A? = 0; 

2) He y6biBaeT no Ka^Kfloft nepeMeHHoft; 

3) Q(miti, . . . , mdtd) < ( n m j ) ^Wi m j G N ? .7 = 1, d; 

4) Q(t) HenpepbiBHa npn tj > 0, j = l,d . 

Byn,eM roBopHTb, hto Q(t) yflOBjieTBopaeT TaK>Ke ycjiOBHH (S) n {Si), KOTopbie 
Ha3biBaioT ycjiOBHHMH Bapn-CTenKHHa [Bj. 3to 03HanaeT cjieflyiomee. 

OyHKn,HH oflHon nepeivieHHOH <p(r) > yflOBjieTBopaeT ycjiOBHio (£), ecjin 
(p(r)/T a noHTH B03pacTaeT npn HeKOTopoM a > 0, T.e. cymecTByeT He3aBHCHMaa 
ot n h T2 nocTOHHHaa Ci > 0, Taicaa, hto 

"Ta~ " ' < Tl ~ T2 ~ L 

OyHKHH5i (p{t) > yflOBjieTBopaeT ycjiOBHio ($/), ecjin npn HeKOTopoM 
< 7 < /, (p(t)/t j noHTH y6biBaeT, T.e. cymecTByeT He3aBHCHMaa ot t\ h t 2 
nocTOHHHaa C 2 > 0, Taxaa, hto 

— — > C/ 2 — — , U < ri < r 2 < 1. 

T l T 2 
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Byn,eM cHHTaTb, hto Q(t) y^OBjieTBopaeT ycjiOBiraM (S) h (Si), ecjin Q(t) yzjOBjie- 
TBopaeT 3th ycjiOBHH no Ka^Kfloft nepeivieHHOH tj npii (pHKCiipoBaHHbix i ^ j . 

HTaK, nycTb 1 < p < oc, 1 < 6 < oo, &Q(t) — 3aflaHHafl (pyHKijira rana CMeniaH- 
Horo Mcyjyjia HenpepbiBHOCTH nop^flKa /, KOTopa^ yflOBjieTBopaeT ycjiOBH^M 1-4. 
Tor^a (cm. [E]) 

«s,:={/ e ^= ii/ii* =(/(^)'n?)*^}. 

TTd / 1 

npn 1 < # < OO H 

:= {/ 6 : H/H^ = sup < l}, 

(3anncb t > fljia t = (ti, ...,td) paBHOCHjibHa t,- > 0, j = l,d). 

3aMeriiM, hto npn 9 = oo Kjiaccbi B^ coBna^aiOT c KjiaccaMH Hp, KOTopbie 

6bIJIH paCCMOTpeHbl H.H. ElyCTOBOHTOBblM b [5]. 

B nocjie^yioinHx paccys^eHirax HaM 6yn,eT yzK)6HO nojib30BaTbC5i SKBHBajieHT- 
hmm (c TOHHOCTbio flo a6cojiK)THbix nocTO^HHbix) onpeflejieHiieM KJiaCCOB Bp g . 
KajKflOMy BeKTopy s = (si, ...,s^), Sj 6 N, j - nocTaBHM b cootbgtctbhg 

MHO>KeCTBO 

p(s) = {k = (k h k d ) : 2 s /- 1 < \k 3 \ < 2% % G Z \ {0}, j = M} 

H flJIH / G LpiTTd) 0603HaHHM 

ryje 

/(fc) = (27r)- d J f(t)e- l(k ^dt 

— KOScpcpHi^neHTbi Oypbe (pyHKi^iiii /. 

HTaK, nycTb 1 < ]9 < oc, 1 < ^ < oo h - - sa^aHHaa (pyHKirnsi THna 
CMeniaHHoro Mcyjyjia HenpepbiBHOCTH nop^flKa /, KOTopa^ yflOBjieTBopaeT ycjiOBHHM 
1 - - 4, (S) h (Si), Tor^a c tohhoctbio aGcaiiiOTHbix nocTOHHHbix Kjiaccbi B^ e 
mcokho onpe^ejiHTb cjie^yioinHM o6pa30M (cm. [H]): 

B% := {/ € L p (n d ) : ||/|| B » 8 = ( ]T n-*(2-)||«.(/, -)||' )' < l}, (1) 

s 
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npn 1 < 9 < oc ii 



p,oo 



■= {/ 6 L p (n d ) : \\f\\^ = sup "^'J"" < l}, (2) 



s^ecb ii b ^ajibHeiinieM Q(2~ s ) = Q(2~ Sl , 2~ Sd ), sj G N, j = 1, d 

Otmotiim, hto npn = Y[ tj-, < r j < /, Kjiaccbi B^ e ecTb aiiajiorii ii3bgct- 

Hbix KjiaccoB BecoBa 5^ (cm., Hanpniviep, [6]). 

ripiiBefleHHoe onpe^ejieHiie KjiaccoB B^g mo>kho pacnpocTpaHirrb ii Ha Kpaftmie 

3HaHeHHH p = 1,00, BHflOHSMeHHB B (CD) H (J2I) "GjIOKIl" 5 s (f,x). 

IlycTb V n (£), n G N, o6o3HaHaeT si^po Bajuie riycceiia nopsLipta 2n — 1: 

2n-l 



1 J COS fct 



fc=l k=n+l 



ConocTaBHM Ka^K^OMy BeKTopy s = (si, . . . , Sd), Sj G N, j = 1, rf, iiojiiihom 



H flJIfl / G L p (7Trf), 1 < J9 < OO, Hepe3 A s (f, x) 0603HaHHM CBepTKy 

A a (f, x) = f*A s . 



B npiIHHTblX oSoSHaHCHHHX (C TOHHOCTbK) flO a6cOJIK)THbIX nOCTOHHHblXj KJiaCCbl 

BpQ, 1 < J9 < oo onpeflejisnoTca cjieflyiomiiM o6pa30M (cm., cootbctctbchho [7j 
B% := {/ e £»(*,,) : ||/|| B „ s = (^fi- 9 (2" 8 ) P 8 (/,-)ll£) 5 < l}, (3) 

s 

npii 1 < 9 < oo ii 

- {/ 6 : = SU P "np-j"' - 'I' (4) 

Otmcthm, hto npii 1 < p < oo onpeflejieHira HopM cbyHKii,iiH c KjiaccoB 5^ 

Pi" 

ii (ED SKBHBajieHTHbi k onpe^ejieiiiiflM HOpM (j3j) II ([4]) COOTBCTCTBCHHO. 

HioKe Mbi 6yn,eM paccMaTpHBaTb Kjiaccbi B^q, KOTopbie onpeflejiaioTca (pymojiieH 
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Q(t) cneHiiajibHoro BH^a, a hmchho 



d 

II n J ia- ' ecjIH ^ >0 > J = M; 

.=i( lo ^)+ (5) 

d 

0, ecjiH Yl tj = 0- 



S^ecb 



(logi) + = max{l,logi}, 

npnneM jiorapncpM, KaK h BCKyjy Hn>Ke, 6epeTca no ocHOBaHHio 2. 

TaioKe nojiaraeM, hto 6j < r, j = 1, rf, h < r < I, a 3HannT cpyHKunsi Q(t), 3a- 
flaHHaa (popMyjiofi (jSj) , 6yn,eT yzjoBjieTBopflTb ccpopMyjinpoBaHHbiM Bbinie ycjiOBH^M 
1-4, (S) h (50 • 

B pa6oTe nojiyneHbi TOHHbie no nop^flKy oneHKH opTonpoeKnnoHHbix nonepen- 
hhkob KjiaccoB B^q b npocTpaHCTBe L q npn HeKOTopbix cooTHomeHnax Me^K/ry na- 
paivieTpaMH p n g, a Taioice ycTaHOBjieHbi nopflflKH npn6jin>KeHH5i sthx >Ke KjiaccoB 
(pyHKnnn b npocTpaHCTBe L q c noMombio jiHHenHbix onepaTopoB, KOTopbie no^- 
nnHeHbi onpeflejieHHbiM ycjiOBH^M. CooTBeTCTByromne annpoKCHMaTHBHbie xapaK- 
TepncTHKH CB5i3aHbi c opTonpoeKn,noHHbiMH nonepeHHHK&MH KjiaccoB Bp 6 , o neM 
6ojiee KOHKpeTHO 6yn,eT hijth penb Hn>Ke. 

fljia (popMyjinpoBKH n flOKasaTejibCTBa nojiyneHHbix pe3yjibTaTOB HaM noHaflo- 
6htc5i cooTBeTCTByroinne o6o3HaneHH5i n onpeflejieHHH. 

IlycTb — opTOHopMnpoBaHHaa cncTeivia cpyHKnnn U{ G L 0O (7r ( f). Ka>K- 

ppvi (pyHKn,nn / G Lqiiid)-, 1 < ^ < oo, nocTaBHM b cooTBeTCTBne npn6jin>KaK)m,HH 

M 

annapaT Bn^a Ylif > u i) u i( x ) ■> T - e - opToroHajibHyio npoeKnnio (pyHKnnn / Ha no^- 

i=l 

npocTpaHCTBO, nopo^KfleHHoe chctcmoh (pyHKnnn {u^x)}^. Ecjih F C Lq^d) - 
Kjiacc (pyHKn,HH, to BejinnnHa 

M 

dif(F,L q )= inf sup f {■) - ^{f , u l )u l {-) , (6) 



{«iW}f=l/£f ; = | 
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Ha3biBaeTCH opTonpoeKnnoHHbiM nonepenHHKOM (Oypbe-nonepenHHKOM) Kjiac- 
ca F b npocTpaHCTBe L q (7Td). IlonepeHHHK dj^(F, L q ) BBe^eH B.H. TeMjiHKOBbiM b 
pa6oTe [SJ, iyje Tax>Ke paccMOTpeHa BejinnnHa 

df f (F,L g )= inf sup ||/(0 -G/Ollg- (7) 

GeL M {B) q f£FnD(G) 
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S^ecb nepe3 Lm(B) q o6o3HaHeHO mhcokgctbo jiHHeiiHbix onepaTopoB, yflOBjieTBopa- 

KDIUHX yCJIOBHHM: 

a) oGjiacTb onpeflejieHHH D(G) sthx onepaTopoB co^ep^KHT Bee TpiiroHOMeTpiiHe- 
CKiie nojiHHOMbi, a hx o6jiacTb 3HaHeHiiii co^ep^KHTCsi b no^npocTpaHCTBe pa3Mep- 
hocth M npocTpaHCTBa L g (7Trf); 

6) cym,ecTByeT hhcjio B > 1 Taxoe, hto fljra Bcex BeKTopoB k = (ki, kd), 
BbinojiHeHO HepaBeHCTBO 

|| Ge z(Av) || 2 < B. 

OTMeTHM, hto k Lm(1)2 npHHa/yie^KaT onepaTopbi opToroHajibHoro npoeKTHpo- 
BaHHa Ha npocTpaHCTBa pa3MepHOCTH M, a Taioice onepaTopbi, KOTopbie sa^aiOTCH 
Ha opTOHopMHpoBaHHOH CHCTeMe (pyHKH,HH c noMonibio MyjibTHnjiHKaTopa, onpe- 
flejiHioinerocH nocjie^OBaTejibHOCTbio {A/} TaKOH, hto |A;| < 1 fljra Bcex /. JlerKO 
BHfleTb, hto corjiacHO onpe^ejieHHii 

4(F,L g )<di(F,L ff ). 

CjieflOBaTejibHO orjeHKH bgjihhhh dfj(F, L q ) MoryT cjiy>KiiTb oi^eHKaMH CHH3y 
fljia opTonpoeKD,HOHHbix nonepeHHHKOB dj^(F,L q ) h Hao6opoT - orjeHKH none- 

pe^HHKOB djtf(F, L q ) MCO-KHO HCnOJIb30BaTb flJIH OI],eHOK CBepxy BejIHHHH dff(F, L q ). 

3to o6cTOHTejibCTBO 6yn,eT HaMH Hcnojib30BaTbC5i npn ^OKasaTejibCTBe cooTBeTCTBy- 

iohjhx yTBep^fleHHH. 

OTMeTHM, HTO BejIHHHHbl (J5j) H (J7J) HeKOTOpblX KJiaCCOB CpyHKI^HH HCCJieflOBajIHCb 

b pa6oTax p-[TB] (cm. TaioKe MOHorpacpiiii [T71 US]), iyje mo>kho 03HaK0MHTbC5i h c 
cooTBeTCTByioineH 6ii6jiHorpa(pHeH. 

B npouecce ^OKasaTejibCTBa nojiyneHHbix pe3yjibraTOB Hcnojib3yK)TC5i h pa3BH- 
BaiOTCH MeTCflbi, KOTopbie npHMeHHjiHCb npn Hccjie^OBaHHH paccMaTpiiBaeMbix an- 
npoKCHMaTHBHbix xapaKTepncTHK b paGoTax p-[TB]. Bojiee no^poGHO 06 stom 6yn,eT 

TOBOpHTbCH B COOTBeTCTByiOIUHX KOMMeHTapHHX. 

2. BcnoMoraTejibHbie yTBepxc^eHHH. 

HanOMHHM HeCKOJIbKO H3BeCTHbIX yTBep^KfleHHH, KOTOpbie HaMH 6yjJJT CHCTeMa- 
THHeCKH HCnOJIb30BaTbCH. 

TeopeMa A (JiHTTjiByzja-risjiH [12]). Llycmh 3adano p G (l,oo). Cyu^ecmeyTom 
nojiootcumejibHue KOHcmanmu C^{p) u C±{p) manue, nmo 3ah Kaotcdou cfiynKyuu 
f G Lp(7Td) cnpaeedjiuea oyenKa 

c 3 (p)\\f\\ P < \\{^2\Uf, -)l 2 )% < c 4 {p)\\f\\ P . 

s 
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HenocpeflCTBeHHO H3 TeopeMbi A jierxo nojiyniiTb cjie^yiomee 
Cjie^cTBHe. JJjiji f G L p (7Td) npu 1 < p < oo uMeem Mecmo cjiedywu^ee coom- 
nouienue 

ii/ii p «(Eii^(/'-)II?°)-, 

s 

sde po = mm{p; 2}. 

S^ecb ii flajiee, fljra nojic»KiiTejibHbix (pyHKmra fii(N) h ^(N) 3anncb fi\ <C //2 
osHanaeT, hto cymecTByeT nocT05iHHa5i C > TaKaa, hto fii(N) < Cfi2{N). Co- 

OTHOineHIIG /ii X \±2 paBHOCHJIbHO TOMy, HTO /ii <C \±1 II /il ^> OTMeTHM, HTO 

Bee nocTOHHHbie C^i = 1,2,..., KOTopbie 6ynyT BCTpeHaTbca b pa6oTe MoryT 3a- 
BHceTb TOJibKO ot Tex napaivieTpoB, KOTopbie co^ep^KaTcsi b onpe^ejieiiiisix KjiaccoB, 
MeTpiiKii ii pa3MepHOCTii npocTpaHCTBa M. d . 

TeopeMa B [2D]- Ilycmh n = (ni, n^), — yejiue neompuyameAhnue hucaci, 
J = w 

|fcj|<nj 

Tosda npu 1 < q < p < oo UMeem Mecmo Hepaeencmeo 

d 1 _ i 
||t|| p <2 d JJn; p ||*|| g . 
i=i 

3to HepaBeHCTBO ycTaHOBjieHO CM. HiiKOJibCKiiM h Ha3BaHO "HepaBeHCTBOM pa3- 
hmx MeTpHK". B o^HOiviepHOM cjiynae ii npu p = oo cooTBeTCTByiomee HGpaBGHCTBO 
flOKasaji fljKeKCOH [21] . 

JleMMa A [TP] , nycmt Auneunuu onepamop A 3adan paeencmeoM 

L 

TO=1 

acte {^to(^)}to=i " Ha6op cfjynKyuu, djisi Komopux 

\\i>m(')h ^ m = 1, ...,L. 
Tozcta d/m JiK>6o20 mpudonoMempuuecKozo nojiunoMa t eepno Hepaeencmeo 

L i 

mm Re -j/)<(l^E l^)| 2 ) 

m=l fc 
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J\jiK HaTypajibHoro N iiojiojkhm 

X (N) = {s = (s h ...,s d ): Sj G N, j = M, Q(2 s ) > i}. 

C y^eTOM onpeflejieHHH (J5j) MHC»KecTBO x(AT) mo>kho onpe^ejiHTb cjie^yioinHM 
o6pa30M: 



X 



(TV) = {s : 8j EN, 3 = l,d, f[2^sj' < N}. 

3=1 



flajiee, nycTb 



X ± (N) = N d \ X (N) 

B KanecTBe npiiGjiioKaiomHx no^npocTpaHCTB B03bMeM no^npocTpaHCTBa Tpiiro- 

HOMeTpHHeCKHX IIOJIHHOMOB, CneKTp KOTOpblX COflep^HTCH BO MHO>KeCTBaX 

Q(N)= |J p(s). 

sex(N) 

Taioice HaM noHafloS^Tca MHO>KecTBa 

e(N) = {s=( Sl ,...,s d ): Sj G N, j = U ^ w <^(2- s )<-}. 

B npiiHHTbix o6o3HaHeHHHx HMeiOT MecTO cjieflyiomiie yTBep^fleHiisi, KOTopbie 
nojiyneHbi H.H. IlycTOBOHTOBbiM. 

JleMMa B [H]. KoAunecmeo SAeMenmoe Mnocncecmea Q(N) no nopndny paeno: 

\Q(N)\ x iVf(logiV)-^-- _ ^ +d_1 . 
JJaji KOAUHecmea 9AeMenmoe Mnoatcecmea Q(N) uMeem Mecmo 

\0(N) \ x (logiV)^ 1 . 
JJaa U3 (EP c r > n£>w < < oo eepno coomnomenue 

\p 



JleMMa B 

coomnomenue 

JleMMa I 



JleMMa ^ 

nue 



J2 m-)y« y, W2-)y 

sexHN) see(iV) 

W3 c < /3 < r npu < p < oo eepno coomnome- 



{n{2- s )2^) p <C J] (Q(2- s )2H s " l/3 ) ? 
sde ||s||i = si + ... + Sd, Sj G N. 
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^ajiee iiojiojkhm M = |Q(7V)|, Tor^a c y^eTOM jieMMbi B, nojiyHHM 

M ^ N7(\ogN)- b ^---^ +d -\ 
log M x log N, N x M r ( log M) bl+ - +bd - {d - 1)r . 

3. OcHOBHbie pe3yjibTaTbi. 

HivieeT MecTO 

TeopeMa 3.1. Ilycmb 1 < q < p < oo, p > 2, 1 < 9 < oo, a Q(t) 3adana 
cfiopMyAou (Bp. Tosda npu r > 0, cnpaeednueu nopadnoeue coomHomenun 

di,(B%L q ) x d B M (B%,L q ) x M-^logM)^--^"- 1 ^-^^, (8) 

zde a + = max{a, 0}. 

floKa3aTejibCTBO. CtiaHajia nojiy^HM b (JED ou;eHKy CBepxy ^jih nonepeHHHKa 
d-^(Bp e , L q ). C 9toh u,ejibio paccMOTpHM npn6jiH>KeHHe (pyHKi^iiii / 6 5^ Tpiiro- 

HOMeTpHHeCKHMH IIOJIHHOMaMH £Q(jV) BHfla 

*Q(JV)(a?) = E W> x )- 
Bocnojib30BaBniHCb cjieflCTBiieM H3 TeopeMbi A, nojiy^HM 

\\f(-)-t Q{ N)(-)\\ q <\\f(-)-t Q{N) (-)\\ P <.( e \\w,')\\i)' = 

se X X (N) 

= ( V-\2- s )\\5 s (f r )\\ltf(2- s )f = h. 

se x ± (N) 

HTo6bi nojiyniiTb oi^eHKy I\ paccMOTpHM ^Ba cjiynasL 
ElycTb CHa^ajia 1 < 9 < 2. Tor^a b ciiny HepaBeHCTBa [23] 

(Ei^r 2 )" ^ (Ei°*r)* i<^<^<oo, 

HMeeM 

/!<( E ^(2- s )||^(/,-)ll?^(2- s ))"< 

<iv-i( £ n- fl (2-)||^(/,.)|i;)*< 

S6 X X (AQ 
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Ecjih >Ke 2 < 6 < oo, to npiiMemiB k I\ HepaBeHTCBO Tejib^epa c noKa3aTejieM |, 
nojiyHHM 

A<( E «- fl (2-«)||*„(/,.)||^( £ (n(2-))A) H < 

«n/ik,( E («(2-'))") w <( E (0(2-))*)*'* = /* 

s e x^(iV) se X X (N) 

flajiee, Bocnojib30BaBniHCb CHanajia jieMMoii T, a 3aTeM jieMMOH B, npo^ojiJKHM 
on,GHKy I2 

h«( e ("(2- s ))") w «Jv-'( e 

see(JV) se9(iV) 
x M- r (logM)^ 1 -'^ +( ^ 1)r (logM) ( ^ 1) ^-^ = 

OrjeHKa CBepxy b ([8]) ycTaHOBjieHa. 

llepeHfleM k floxasaTejibCTBy cooTBeTCTByioineH on,eHKii CHii3y, npii stom Mbi 6y- 
p<dM npHflepjKHBaTbca cxeMbi, npiiMeHeHHOH B.H. TeMji^KOBbiM b paGoTe [TP] . 3a- 
mgthm, hto nocKOJibKy nojiyHeHHaa on,eHKa CBepxy He 3aBHCiiT ot napaivieTpa q, to 
fljia flOKasaTejibCTBa on,eHKii CHH3y BejiiiHHHbi d^(Bp G , L q ) ^ocTaTOHHO paccMOT- 
peTb cjiyHaft q = 1. ^OKasaTejibCTBO pa3o6beM Ha ^Be Hacra. 

llycTb CHanajia 1 < 6 < 2. B 3tom cjiynae 6yn,eM Hcnojib30BaTb npinviep 1 113 

[[TP] . HTaK, nycTb hhcjio M sa^aHO, G G Cm{B)\. Toiyja cymecTByeT BeKTop 

k° = (kl k° d ) G Q(N), iyre Q(JV) = (J p(s) Taxon, hto 

se6(iV) 

|| e ^M_ Ge *(fcV)|| i>:L (9) 
Tenepb paccMOTpHM (pyHKuriio 

KOTopaa, Kax jierKO Bii/reTb, npHHafljie^HT Kjiaccy B^ e , 1 < 9 < 2. 
flajiee, BOcnojib30BaBniHCb cooTHOinemieM (M), nojryHiiM 

H^(-) - C?0i(O||i = N' 1 ^ ^ - Ge l{ - k ^\ > 
> N- 1 x M- r (logM)- 61 -— 6d+( ^ 1)r . 



11 



,ZfyiH ycTaHOBjieHHH oneHKii CHii3y BejiiraiHbi df^B^g, L\) b cjrynae 2 < # < oc, 
paccMOTpHM (pyHKi^Hio, aHajioriiHHyio cpyHKi^HH H3 npniviepa 6 paGc-Tbi jlOj . 

C noMombio Tex >Ke paccy^KfleHHii, hto h b |24j . mo>kho noxasaTb, hto cymecTByeT 
MHO>KecTBO Q'(N) C 0(iV) TaKoe, hto ^jm s = (si, s^) G G'(N) 6yp£T 

Sj-xlogiV, j = M h |0'(iV)| x (logiV) d_1 . 

flajiee, ^jra G G Cm(B)\ HaftflyTCH A/", Qi(N) C Q'(N) TaKiie, hto 

|e,(jv)l > ||©'(at)|, 

h b Ka^flOM p(s), s G 0i (AT), HaftflyTca BeKTopbi /c s TaKiie, hto fljia (pyHKHHii 

<? 2 (z) = ^ e *(*"^ 
se6i(7V) 

HaiifleTCH y* = (y*, y^) TaKoft, hto 

||# 2 (x + y*) - Gg 2 (x + y*)^ » ( logM)^. (10) 

^OKa3aTejibCTBO cooTHOHieHim ( TTUT ) npoBOflHTCfl no toh >Ke cxeivie, hto h ^OKasa- 
TejibCTBO npHMepa 6 H3 |10j . 

HTaK, paCCMOTpHM (pyHKU,HK) 

<fe(s) = C.N- 1 (log N)-^g 2 (x), C 5 > 0. 

JlerKO ySeflHTbca, hto npn cooTBeTCTByioineM Bbi6ope nocTO^HHoii C5 (pyHKinia 
^3 npHHafljie^HT Kjiaccy B^ g , 2 < 6 < 00. 

^eftCTBHTejIbHO, 

11*11*8. = ( £ n" e (2- s )ll<5»fe,-)ll?) i « 

s€0i(JV) 

«iV- 1 (logiV)-^( ^ n-%2- s ) \\6 s (g 2 , •) ||$)* « 

se9i(A0 

<C A/'- 1 (logA/ r )"^ i ( ^ fi-^-*))* <^ N- 1 (log Ny^ 1 ■ N -le^N)^ >: 

seQi(N) 

x ( log AT) (log AT) ^ = I. 
TaKHM o6pa30M, Bocnojib30BaBniHCb cooTHonieHHeM (TTUj ). 6yn,eM HMeTb 

11^3(^ + 2/*) - ^3(3? + 2/*) || g > IW^ + S/*) - Gc/ 3 (^+ V*) ||l > 
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>iV 1 ( log N) d ~° l \\g 2 (x + y*)-Gg 2 (x + y*)\\ l ^> 

> iV-^log^-^flogM)^ X M- r {l0gM)- bl --- bo+(d-l)(r+h-i) _ 

Ou,eHKH CHH3y BGjiiiHiiHbi df^B^g, L\) b o6ohx cjiy^asix ycTaHOBjieHbi. TeopeMa 
^OKasaHa. 

TeopeMa 3.2. Ilycmb 1 < q < p < 2, (p, q) ^ (1, 1), 1 < # < oo ; a 3adana 
qjopMyjioil Tbgcta npw r > cnpaeedAueu oyenKU 

dUB^L,) x <fi(B£,,L,) x M-(logM)- t '--^"'- 1 »( r+ (^) + ). (11) 

floKa3aTejibCTBO. OueHKa CBepxy b cooTHonieHiiii ( HTTT ) cjie^yeT H3 paccy>K- 
fleHHii aHajiorHHHbix TeM, KOTopbie npoBOfliijiiicb npii nojiyneHHH on,eHKii CBepxy b 
Teopeivie 3.1. 

llepexo^H k ycTaHOBjieHHio on,eHKH CHii3y rjisi df f (Bp e , L g ), 3aMGTiiM, hto ee ,0,0- 
CTaTOHHO ycTaHOBHTb fljia cjiyHaa 9 = 1, 1 < p < 2. Kpoivie Toro, ecjiii 6 G [l,p), 
to orjeHKa CHii3y BejiHHHHbi df I (B^ g , L\) ycTaHaBjiHBaeTca c noMombio Tex >Ke pac- 
cyjKfleHHH, KOTopbie npoBOflHjiHCb npii ^OKasaTejibCTBe oijeHKH CHH3y b Teopeivie 3.1 
b cjiy^ae 1 < 6 < 2. TaKiiM o6pa30M, ocTaHOBHMca Ha paccMOTpeHiiii cjiynaa 
p < 6 < oo. 

PaccMOTpiiM (pyHKrj,Hio, aHajiorHHHyio cpyHKi^HH H3 npiiMepa 7 pa6oTbi |10j . 

IlyCTb N flOCTaTOHHO BejIHKO. E[0JI0>KHM 

v = [\e'(N)\h 

r^e MHO>KecTBO O'(N) onpe^ejieHO Bbinie, [a] - upji&n nacTb Hiicjia a. 

flajiee, pa3o6beivi Ky6 7Td Ha v d Ky6oB c ^jikhoh pe6pa — . YcTaHOBKM B3aiiMHO 

OflHOSHaHHOe COOTBeTCTBHe Me^Kfly MHO>KeCTBOM Q(N) c O'(iV), 1 0(7V) | = v d n 
nOJiyHHBHIHMCH MHO>KeCTBOM Ky60B. IlpH 3TOM Hepe3 X s G 7Trf o6o3HaHHM HeHTp 

Ky6a, cooTBeTCTByiOH],ero BeKTopy s G Q(N), h iiojio)khm 

u = 2 [|log|6'(iV)|] x(logA T)^. 

llycTb flajiee K n {t) o6o3HanaeT siflpo Oeiiepa nopa^Ka n, T.e. 

n ^ 

KM) = 1 + 2 V (1 ) cos kt. 

w ^ v n+V 

k — 1 

Hepe3 k s o6o3HaHiiM BeKTop k s = (hi 1 , k s d d ), r^e 

2 a ' _1 + 2 S ^~ 2 , Sj > 2; 

1, Sj = l,j = l,d. 
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llycTb G G Cm{B)\. Toiyja cymecTByiOT hhcjio N h mhojkgctbo 2 (Af) C @(N) 
TaKHe, hto 

|e 2 (iv)| > I|e(Ar)|, 

11 b Ka^KflOM p(s), s G 02 (AT), HaftflyTCH Ky6bi c n,eiiTpoM b k s h fljiimaMii pe6ep 2w 

TaKHe, HTO flJIH (pyHKL^IIII 

d 

see 2 (iV) j=i 
ii HeKOToporo BeKTopa ?/* iitvieeT MecTO oijeiiKa 

||p 4 (a: + V*) ~ Gg 4 (x + j,*)^ » ( log M) d ~\ (12) 

,HpKa3aTejibCTBO on,eHKH ( TI21 ) npoBOflirrca c noMombio Tex >Ke paccyscfleimft, ko- 
Topbie npoBO^HjiHCb npn ^OKasaTejibCTBe cooTBeTCTByiomeH oueiiKii b npinviepe 7 
H3 paGoTbi [TP] . 

Tenepb B03BpaTiiMC5i Henocpe^CTBeHHO k oijeiiKe CHii3y BejiiiHiiHbi df d (B^ e , L\). 
PaCCMOTpHM (pyHKD;iiio 

SsM = C,N- 1 {log Nf- l) ^- l -^g,{x), C 6 > 0, 

II On,eHIIM 1 \g 5 1| B n g . 

yHiiTbmaH, hto b ciuiy BbiGopa napaMeTpa u 

WMfr, -)\\ P « \\K U (-)\\ P ~ u^-i) x (logiv)^ 1 ^ 1 -^, v s g 2 (iV), 

6yn,eM HMeTb 

HflSll^. = ( E fi- 9 (2- s )||A s (95,-)ll?) l « 

see 2 (7V) 

«AT-i(logiV)^- 1 )^- 1 -^.( J2 ^(2- s )||^(^4,-)||^« 

s£<d 2 {N) 

« iV-HlogiV)^ 1 ^^ 1 -^ • (log AO t^ 1 ^ • ( J2 n- 9 (2- s )Y x 

see 2 (N) 

x(logAT)-^ i .|0 2 (Ar)|ixl. (13) 
TaKiiM o6pa30M, 113 ( TTBj ) saKjiioHaeivi, hto cpymcrjira g 5 G p < < oo, c 

COOTBeTCTByiOmeil IIOCT05IHHOH C*6 > 0. 
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flajiee, corjiacHO (TT2~T ). cymecTByeT BeKTop y* TaKoii, hto 

+ - Gg 5 (x + y*) \\ t > 

> Ar^logiNO^" 1 ^" 1 "*) \\9i{x + y*) - Gg^x + y*)^ > 

> N-\logN) (d - 1)( <p-^ x Af- r (logAO" 6l "'"" 6,rf(d " 1 ^ r+ '"^- 
Teopeivia flOKasaHa. 

TeopeMa 3.3. Ilycmh 1 < ]9 < 00, 1 < # < oo, c^ynKi^usi Q(t) 3adana cfiopMyAou 
(Ep. Tozda npu r > - cnpaeedjiueu coonrmoweHusi 

d ii( B p,e, Log) x d B M {B%,L x ) x M-'+^logM)-"'--^- 1 )^ 1 -^^. (14) 



floKa3aTejibCTBO. CHa^ajia ycTaHOBHM b ( jllT ) oi^eHKy CBepxy. JIrr SToro 

flOCTaTOHHO nOJiyHHTB C00TB6TCTByK)H]yK) OD,eHKy CBepxy flJia BejIHHHHBI ||/(-) — 

tQ(N){-)\\oc: me f e B^ e , t Q{N) {x) = W,x). 

sex(N) 

HTaK, nycTB qo — HeKOTopoe hhcjio, yn,OBjieTBop5iioiii,ee ycjiOBHio 1 < qo < oo. 
Toiyja, BocnojiB30BaBiiiHCB HepaBeHCTBOM MiiHKOBCKoro h 3aTeM HepaBeHCTBOM pa3- 

HBIX MeTpHK HHKOJIBCKOrO, flJISI / 6 B^q 6yn,eM HMeTb 

\\f(-)-t Qi N ) (-)\\ 00 = /(•)- E w,o ^ E nw 3 -)iioo« 

— oo — 

« e 2— ii^(/,-)ii ?0 - E 290 WMf,-) 11,0 < 

« 53 2^2»*0-£)|K(/,.)|| ! ,= 

= E ^(2- s )2^Q- 1 (2- s )P s (/,-)||p = /3. 

ripHMeHHB k nocjieflHeii cyMMe b I3 HepaBeHCTBO Tejib^epa c noKa3aTejieivi 6 (c 
ecTecTBeHHoft MOfliicpHKai^HeH npii 9 = 1) h BOcnojib30BaBHincb jieMMoft fl, npo^oji- 
)khm on,eHKy I3 

/,<( E «- fl (2-)||A ) (/,-)ie) i ( E («(2-')2^)-)"'« 

E (Q(2-)2-)^) e « 
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« ( ]T (Q(2-)2^)^) M = / 4 . 

seO(N) 

,Hajiee, ynHTbiBasi tot <paKT, hto ^jih s £ Q(N) 6yn,eT 

i=i 

IipOflOJDKHM on,eHKy I4 

/ 4 «jv- i .^.( ^ (n^) ,£i ) 1 "« 

se6(iV) 3=1 

<C iV^~ ■ (logiV) - *"- - "' - *"^ > y 1) x 

seQ(N) 

x (M r (logM) 6l+ - +6 ^ ( ^ 1)r )^ _1 • (logM)-&--^ • (logM)^ 1 ^ = 
= M- r+ l(logM)- 6l --^ +( ^ 1) ^ r+1 -"-^. 
TaKHM o6pa30M, on,eHKa CBepxy b (JHj) ycTaHOBjieHa. 

llepexofltf k on,eHKe CHii3y, HanoMHiiM, hto ee flocTaTOHHO nojiy^HTb ^jra BejiH- 
hhhh d^(BpQ, Lqq), n P H 3tom Mbi 6yn,eM npHflep^KHBaTbca cxeMbi, npiiMeHeHHOH b 
npHMepe 2 H3 [TO] . 

PaCCMOTpilM (pyHKITHK) 

see'(iV) 

r^e MHO>KecTBO @'(N) — onpeflejieiio Bbinie, a 

d 

i=i 

K n (t) — sippo Oefiepa. 

llpeflnojio^HM, hto onepaTop G npiiHafljie^HT Cm (B) 00 ■ IloKa>KeM, hto cym,e- 
CTByeT bgktop y* = (yl, y^) TaKOH, hto 



\g 6 (x - y*) - Gg 6 (x - y*)^ > M. (15) 



OHeBHflHO, 



\g Q {x - y) - Gg 6 {x - y)^ > g 6 {0) - minRe Gg 6 {x - y). 

y=x 
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Bocnojib30BaBiiiHCb jieMMofi A, 6yn,eM HMeTb 

minRe Gg 6 (x-y) < B ( \g 6 (k)\ 2 Y < B\Q '(N)\* . (16) 

y=x \ — ' / 

k 

Speech nepe3 |Q'(Af)| o6o3HaneHO KOJinnecTBO sjieivieHTOB MHO>KecTBa 

Q'(N)= |J p(s). 

seQ'(N) 

,Hajiee, yHHTbmafl, hto |G'(A^)| x (logN) d 1 , a TaK>Ke cooTHOineHHe 

\p(s)\ = 211 s " 1 x ATr(logiV)-^--"^, 

6yn,eM HMeTb 

|Q'(W)| x Ar^(logiV)-^--^- 1 . (17) 

C flpyrofi ctopohm, 

</ 6 (0) x A^logAO^--^- 1 x |Q'(iV)|. (18) 

C yneTOM ( TTBT l h ( TTTf l mo>kho nofloSpaTb Taxoe A 7 ", hto ^'(A - )] x M h npaBaa 
nacTb b ( fT8T ) 6yn,eT no KpaftHeft Mepe B^Boe 6ojibine npaBoii nacTH ( TT6| ). fljifl SToro 
A" npn HeKOTopoM ?/*, 6yn,eM HMeTb 

Ike^ - y*) - Gg 6 (x - y*)\\oo > M. 
TaKHM o6pa30M oueHKa ( TT5T ) floxasaHa. 

PaCCMOTpHM (pyHKHHK) 

g 7 (x) = C 7 N-\N 1 r{logN)-^--"- b ^-\\ogN)-^g 6 (x), C 7 > 0. 

lloKajKeM, hto <pyHKH,H5i g 7 npn Hafljie^ameM BbiGope hocto5ihhoh Cj npHHafl- 
jie>KHT Kjiaccy B^ d , 1 < p < oo, 1 < 9 < oo. 

^eticTBHTejibHO, nocKOJibKy b cnjiy cbohctb 5bnpa Oeiiepa 

||/C s || p x2 l|s||l ( 1 -^, l<p<oc, 

to 6yn,eM HMeTb 

iMk„ = ( £ ^ 9 (2-')ii^(fl7,-)ii^)'« 

se6'(iV) 
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<iV- 1 (iVi(logiV)-^--^)^ 1 (iogiV)-^( ^( 2_S )H^fe,-)l|^x 

seO'(N) 

x(^(logiV)^--^)^ 1 (logiV)-^( J2 2" s " 1 ( 1 -^) i x 

seG'(AT) 

x (A^^(logA^) _ ^ _ -^^)^ 1 (logiV) _ ^(iV^(logiV) _ ^ _ --^^) 1 ~^|e / (iV)|^ x 

x (logiV)~^(logiV)^ = 1. 
Tenepb, BOcnojib30BaBniHCb cooTHomeHiieM ( TTHj ). nojiyHHM 

||flf 7 (a; - - Gg 7 {x - y*)^ > 
> AT^AT^log AT)-^---^+ d - 1 )5- 1 ( log tf)^ 1 "?-*) x 
x IWz - 2/*) - - 2/*)!!^ > 

> M- r (logM)- 6l -"-- 6d+(d - 1)r M^- 1 (logM) (d - 1) ( 1 -^^M = 
= M^^logM) -61 -" - 6 "+( d - 1 )( r + 1 -?-J). 

On,eHKa CHH3y fljra dfj(Bp e , Loo), a TaKJKe h fljra nonepenHHKa dj vI {B^ Ql L^) 
ycTaHOBjieHa. Teopeivia flOKasaHa. 

noflbiTO^cHBaa nojiyneHHbie pe3yjibTaTbi otmcthm, hto onTHMajibHbiMH (b CMbicjie 
nopa^Ka) noflnpocTpaHCTBaMH b Teopeiviax 3.1 - 3.3 mbjihiotch no^npocTpaHCTBa 

TpiirOHOMeTpilHeCKHX nOJIHHOMOB C " HOMepaMH " rapMOHHK H3 MHO>KeCTB Q(N). 

3aMenaHHe 3.1. TIpu d = 2 u coomeemcmeyioij^ux ozpanuneHUAX na napaMem- 

pu p u q, pesyAbmamu meopeM 3.1 -3.3 noAyuenu e /H \E/- 

d 

3aMenaHHe 3.2. B cAynae, Kozda Q(t) = \\t r ^ pe3yAtmamu meopeM 3.1 -3.3 

(3aa KAaccoe B r p g, 1 < 6 < oo) noAyuenu A.C. Pomclhwkom e JJR \W$ . 

3aMenaHHe 3.3. IJopaOku nonepeunuKoe dj^(Hp,L q ) u eeAuuun d^(Hp,L q ) 
npu p u q, Komopue ydoeAemeopjwom ycAoeuAM meopeM 3.1 3.3 noAyuenu 
H.H. IJycmoeoumoeuM e 

BbipajKaio HCKpeHHioK) SjiaroflapHOCTb A.C. PoMamoKy 3a nojie3Hbie 3aMeHaHH5i 
h n;eHHbie coBeTbi, cflejiaHHbie em b npoijecce oScy^eHiisi pe3yjibTaTOB pa6oTbi. 
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